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Old stuff Finite axiomatizability

theories, classes

L - default finite language
F - fragment of FO logic (set of sentences in L)
M - model

ThF (M) := {ϕ ∈ F | M |= ϕ}
F (M) := {N | N |= ThF (M)}

General Problem

When ThF (M), or F (M), is finitely axiomatizable?

Trivial fact

If M is a finite model, Th(M) is finitely axiomatizable.

Highly nontrivial fact (McKenzie ’96)

The question whether for a finite algebra A the equational theory
ThEq(A) is finitely axiomatizable is undecidable.
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Micha l Stronkowski (WUT and CU) Pa lasińska’s finite basis theorem revisited Bern, June 11-14, 2009 4 / 15



Old stuff Finite axiomatizability

theories, classes

L - default finite language
F - fragment of FO logic (set of sentences in L)
M - model

ThF (M) := {ϕ ∈ F | M |= ϕ}
F (M) := {N | N |= ThF (M)}

General Problem

When ThF (M), or F (M), is finitely axiomatizable?

Trivial fact

If M is a finite model, Th(M) is finitely axiomatizable.

Highly nontrivial fact (McKenzie ’96)

The question whether for a finite algebra A the equational theory
ThEq(A) is finitely axiomatizable is undecidable.
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Old stuff SUH classes

equality is redundant

Θ - binary predicate symbol not in default language L

MΘ model in L ∪ {Θ} s.t.

its L-reduct is M

interpretation of Θ in MΘ is equality on M (ΘM ==A).

6≈ - sentences without ≈

Fact

Sometimes

ThF (M) is finitely axiomatizable
iff

ThF∩6≈(MΘ) is finitely axiomatizable

Attention

In what follows we assume that ≈ 6∈ L
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Old stuff SUH classes

strict universal Horn classes

A SUH sentence looks like

(∀x̄)

∧
i6n

ϕi (x̄)

 → ϕ(x̄)

ϕi , ϕ - atomic formulas

SUH class = class defined by SUH sentenses

Example

H = {(A, Θ) | A - algebra, Θ - congruence of A}

Axioms of H:
(∀x , y , z)[Θ(x , y) ∧Θ(y , z)] → Θ(x , z)
(∀x , y , u, v)[Θ(x , y) ∧Θ(u, v)] → Θ(ω(x , u), ω(y , v))
· · · · · · · · · · · · · · · · · · · · · · · · · · ·
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Micha l Stronkowski (WUT and CU) Pa lasińska’s finite basis theorem revisited Bern, June 11-14, 2009 6 / 15



Old stuff SUH classes

deductive systems

Sent - set of propositional sentences
Ax - axioms (⊆ Sent)

+

inference rules:
∆

ϕ
, ∆ ⊆fin Sent, ϕ ∈ Sent

deductive system

alternatively,
DS w consequence relation `⊆ P(Sent)× Sent satisfying . . . . . .

Micha l Stronkowski (WUT and CU) Pa lasińska’s finite basis theorem revisited Bern, June 11-14, 2009 7 / 15



Old stuff SUH classes

deductive systems

Sent - set of propositional sentences

Ax - axioms (⊆ Sent)

+

inference rules:
∆

ϕ
, ∆ ⊆fin Sent, ϕ ∈ Sent

deductive system

alternatively,
DS w consequence relation `⊆ P(Sent)× Sent satisfying . . . . . .
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Old stuff SUH classes

deductive systems ! SUH classes

Correspondence

` ! H`
deductive system ! SUH class with one unary predicate

logical connectives ! basic operations
axioms ! universal atomic sentences

inference rules ! SUH sentences

Fact

A deductive system ` may be described by a finite set of axioms and a
finite set of inference rules iff H` is finitely axiomatizable.
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Old stuff SUH classes

quasivarieties  SUH classes

Θ - binary predicate symbol not in default language L

Q - quasivariety defined by Σ

σ  σΘ - replacement ≈ by Θ

QΘ - SUH class defined by {σΘ | σ ∈ Σ} and

SUH sentences saying that interpretations of Θ are congruences

Fact

Q is finitely axiomatizable iff QΘ is finitely axiomatizable
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Micha l Stronkowski (WUT and CU) Pa lasińska’s finite basis theorem revisited Bern, June 11-14, 2009 9 / 15



Old stuff Pa lasińska’s theorem

protoalgebraicity

Definition

M - model
Ω(M) - Leibniz congruence of M given by

(a, b) ∈ Ω(M) iff M |= (∀z̄)[ϕ(a, z̄) ↔ ϕ(b, z̄)]
for every (atomic) formula ϕ

We write models as (A,R)

A - algebra

R - relation(s)

R is called filter for some historical reason

Definition

A SUH class H is protoalgebraic provided for (A,R), (A,S) ∈ H

if R ⊆ S , then Ω(A,R) ⊆ Ω(A,S).
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Old stuff Pa lasińska’s theorem

protoalgebraicity continued

Example

For a quasivariety Q the SUH class QΘ is protoalgebraic.

Example

Most (but not all) reasonable deductive systems are protoalgebraic.

Important fact

For a SUH class H we may define H-subdirectly irreducible models.
If H is protoalgebraic, H-subdirectly irreducible models behave like
relative subdirectly irreducible algebras in a quasivariety.
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Old stuff Pa lasińska’s theorem

filter distributivity

Definition

For an algebra A
FiltH(A) = {R | (A,R) ∈ H}

H is filter distributive if all FiltH(A) are distributive lattices.

Example

A SUH class defined by universal atomic sentences is filter distributive.
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Old stuff Pa lasińska’s theorem

Pa lasińska’s theorem

Pa lasińska’s theorem ’94

K - finite family of finite models
If SUH(K)

is protoalgebraic and

is filter-distributive,

then it is finitely axiomatizable.

Corollary I

A finitely generated protoalgebraic filter distributive deductive system may
be described by a finite set of axioms and a finite set of inference rules.

Corollary II: Pigozzi’s theorem ’88

A finitely generated relatively congruence-distributive quasivariety is
finitely axiomatizable.
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New stuff - proof filter formulas

filter formulas

The proof of Pa lasińska’s theorem is based on the technique of
definable principal subfilters

DPSF is analog of
definable principal subcongruences
introduced by Baker and Wang to provide the proof of Baker’s theorem
However, to define DPSF we need filter formulas
- analog of congruence formulas for varieties and relative congruence
formulas for quasivarieties.

Definition

H-filter formula Γ(y , x) looks like

(∃z̄)
∧

[ti (x , y , z̄)≈si (x , y , z̄)] ∧
∧

R(rj(x , y , z̄))

and satisfies
H |= (∀x , y)[R(x) ∧ Γ(y , x)] → R(y).
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But it does not work. We cannot use ≈.
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New stuff - proof better universe

finitely axiomatizable protoalgebraic SUH class

Proposition

Let H be a protoalgebraic SUH class such that its subdirectly irreducible
members form the axiomatizable class. Then there is a SUH class U such
that

H ⊆ U

U is protolgebraic

U is finitely axiomatizable

U has definable Leibniz congruences by positive formula

and we may define filter formulas within U.

The end :-)
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